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An a lgor i thm is developed for  solving on a digital computer  the different ia l  equations which 
desc r ibe  the heat t r a n s f e r  and the gas dynamics  in a s y s t e m  consis t ing of two vesse l s  con-  
nected through a compound main. 

In engineering appl icat ions it is often n e c e s s a r y  to analyze  the heat  t r a n s f e r  and the gas dynamics  in 
ves se l s  connected through a compound main. Such p rob lems  may be encountered,  for instance,  when gas 
flows f rom one container  to another ,  when pipel ines in cryogenic  appara tus  a r e  chilled, or  when the w o r k -  
ing p r o c e s s  ha s i ng l e - s t age  gas -eng ine  r e g e n e r a t o r s  of r e f r i g e r a t o r s  is studied. 

The p r o c e s s e s  occur r ing  during a one-d imens ional  unsteady and noniso thermal  gas flow through 
pipes of uniform or  var iab le  c ross  sect ion,  at  sudden channel expansions or contract ions ,  and dur ing 
emptying or  fil l ing of ve s s e l s  have a l ready  been cons idered  in [1, 2], where  solutions for  specia l  cases  
have a lso  been obtained. Numer i ca l  methods of solving the p rob lem of unsteady gas flow through pipes 
we re  shown in [3, 4], but there  the boundary conditions were  defined in t e r m s  of cer ta in  t ime-dependent  
p a r a m e t e r s  of the gas s t r e a m .  Gas t r a n s p o r t  between connected ves se l s  was cons idered  in [5-8], but the 
effect  of the main on the gas flow c h a r a c t e r i s t i c s  was e i ther  not taken into account  or  was only roughly 
es t imated .  A s y s t e m  of di f ferent ia l  and di f ference  equations was se t  up in [9] for  a r e f r i g e r a t o r  operat ing 
on the St ir l ing cycle ,  but the method of the i r  solution was not given. 

In this s tudy the authors  cons ider  the p rob lem of de te rmin ing  unsteady one-d imens ional  t e m p e r a -  
tu re ,  p r e s s u r e ,  and veloci ty fields under conditions of gas t r a n s p o r t  between connected ve s se l s ,  taking 
into account  the heat  t r a n s f e r  between the gas and the channel wall  or  a heat  s tor ing  inser t .  The ma the -  
mat ics  of this p rob lem is somewhat  ex t r ao rd ina ry ,  because  the conventional boundary conditions for the 
s y s t e m  of par t ia l  equations desc r ib ing  the gas  flow and the heat  t r a n s f e r  in the main mus t  be rep laced  by 
the cons t ra in ts  of its coupling to the ve s s e l s .  Since new unknown quantit ies a r e  introduced here ,  namely  
the gas p a r a m e t e r s  in the ves se l s ,  it becomes  n e c e s s a r y  to use the equations of heat  and energy  balance  
in the vesse l s  - o rd inary  different ia l  equations. An a lgor i thm for  solving such a p rob l em numer ica l ly  
is the object  of  this study. 

The calculation p rocedure  is shown schemat ica l ly  in Fig. 1- two ves se l s  V 1 and V 2 of var iab le  vol -  
ume and a r b i t r a r y  shape  connected through a main. The vesse l s  can a lso  be connected to externa l  r e s e r -  
voirs  where  the gas p a r a m e t e r s  a r e  a s s u m e d  constant.  

The p rob lem is solved under the following assumpt ions ,  a) heat  t r a n s f e r  by conduction through the 
gas  and through the pipe walls  as well as radiat ion through the gas a r e  negligible in compar i son  with the 
convective hea t  t r ans fe r ;  b) the t he rma l  conductivity of the porous  inse r t  ma te r i a l  filling a segment  of 
the main is equal to zero  in the direct ion of gas flow and infinitely high in the t r a n s v e r s e  direct ion;  c) 
the walls  of the main and of the vesse l s  sa t i s fy  the condition Bi = C~Sc/X c << I so that  the t e m p e r a t u r e  
drop a c r o s s  the wall  th ickness  becomes  negligible; d) the working gas is an ideal gas and its spec i f ic  heat  
is constant; e) the volume forces  in the gas s t r e a m  a r e  negligibly smal l .  

The p r o c e s s e s  in the ve s s e l s  can be desc r ibed  by a s y s t e m  of o rd ina ry  di f ferent ia l  equations with 
the the rmodynamic  p a r a m e t e r s  averaged  over  the ves se l  volume [1]. The flow ra te  in the subsequent  
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Fig.  1. Gene ra l i zed  ca lcula t ion  s c h e m a t i c .  

equat ions  will  be c o n s i d e r e d  pos i t ive  du r ing  f i l l ing and negat ive  dur ing  empty ing  (z = 0 when n = 1, 
when n = 2). 

The  e n e r g y  equat ion fo r  the  gas  is 

d (m~e~)=--P~ dV,~ 
. - 7  -j- ZGenHen - Fc,~ ~ (T,~ -- To, ~1 ,'-- qn. 

The  hea t  ba lance  equation for  a wall  is 

pcn6on de~,~ = % (T n _ Tc~) @ a~n ( T a n  __ Ten) ~_ qc~" 
dt 

The  change of  mass  of gas  in a ve s se l  is 

The  equation of  s t a te  is 

d m n . :  Y~Gen, 
dt 

z=y  

PnV,~ = mnRT,, 

The change of  v e s s e l  vo lume ,  as  a function of t ime ,  is 

Vn = Vn (t). 

The  change of valve c r o s s  sec t ion ,  as a function of  t i m e ,  is 

f~ = fn (t). 

The  e n e r g y  exchange  with an ex te rna l  r e s e r v o i r  GenHen is d e t e r m i n e d  f r o m  the condi t ion of  quas i -  
s t e ady  gas  flow f r o m  the  r e s e r v o i r  to the f i l l ing v e s s e l .  In o r d e r  to d e t e r m i n e  the flow r a t e  Gen, we use  
e x p r e s s i o n s  fo r  a o n e - d i m e n s i o n a l  i s en t rop ic  flow [10]. 

The  hea t  t r a n s f e r  and the h y d r o d y n a m i c  p r o c e s s e s  in the main  a r e  d e s c r i b e d  by the fol lowing s y s -  
t e m  of o n e - d i m e n s i o n a l  pa r t i a l  d i f fe ren t ia l  equat ions  in va r i ab le s  (mean values ove r  the c r o s s  sect ion)  

[i, 21: 

the  flow equation 

0 F p U _  0 ~ I F p U ~ = _ F O P  ~ FpU[Ui; 
0-5- ~ ox 2d~ 

0 F p +  0 
0--T ~-x (rou) =0 ;  

the  cont inui ty  equat ion 

(1) 

(2) 

(3) 

(4) 

(s) 

(6) 

(7) 

(8) 

the  e n e r g y  equat ion for  the gas  

( ' U ~ 0 Fp i - r [ ~ l - -  
Ot . 2 P d h 

u2)  
T - - T o + - -  ; 

2cp 
(9) 

the hea t  ba lance  equat ion for  the wall  

Pc �9 0ec = S  T - - T o +  + W ( T  a - T c ) + q C ,  
Ot 
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where  S = a / S o ,  W = (~a/6c for  the wall a n d s  = ( 4 ~ / d h ) [ p / ( 1 - p ) ] ,  W = 0 for the inser t ;  

the equation of s ta te  

P = oRT. (11) 

This  s y s t e m  of equations mus t  be supplemented by the t e m p e r a t u r e  c h a r a c t e r i s t i c s  of those t h e r m o -  
physica l  p r o p e r t i e s  which a r e  subject  to apprec iab le  var ia t ions  over  the analyzed t e m p e r a t u r e  range ,  be -  
cause  such var ia t ions  may have an apprec iab le  effect  on the p r o c e s s e s  (as has been shown in [11]). Coef-  
f ic ients  a 1 and/31 a r e  fur ther  a s s um ed  both equal to unity. 

As the initial conditions we s t ipulate  any a r b i t r a r y  dis t r ibut ions of gas  t e m p e r a t u r e ,  gas p r e s s u r e ,  
gas velocity,  gas m a s s ,  vesse l  wall t e m p e r a t u r e ,  and main wall  t e m p e r a t u r e :  

Pn (0) = po; T .  (0) = T~ Tcn (0) = TOn; m n (0) = m~ 

"V,,(O)=V~ P(O, x ) = P o ( x ) ;  T(O,  x ) =  ro(x); (12) 

T c (0, x) =Tco (x); U (0, x) = Uo (x). 

The s y s t e m  of equations (7)-(11) is hyperbol ic  and compr i se s  four fami l ies  of cha r ac t e r i s t i c s :  

dx/dt = U; dx/dt = U • a; dx/clt = O. 

The  t rend of these  cha r ac t e r i s t i c s  cal ls  for  two boundary conditions at  the ent rance  to the main and one 
boundary condition at  the exit  f rom the main [12]. Such a stipulation of boundary conditions is not feas ib le  
in this case ,  but equivalent cons t ra in t s  a r e  avai lable  he re :  the coupling of the main to each vesse l ,  with 
the number  of cons t ra in ts  at the en t rance  to and a t  the exit  f r o m  the main n e c e s s a r i l y  co r respond ing  to 
the n u m b e r  of requi red  boundary  conditions.  Thus,  for  subsonic  gas  flow, at the ent rance  we use two 
cons t ra in t s  (U < a ,  a denoting the veloci ty of sound in the gas  s t r e a m  [1]): 

Pn ---- Po "~ ~P0 U~ -- conservation of momentum; 
(is) 

2__[k_. R T .  = 2__~k R T  ~ + U~ - -  conservation of energy. 
k - - I  k - - I  

As the coupling cons t ra in t  at  the exit  we use the conservat ion of momentum (the gas  p r e s s u r e  in the 
j e t  en ter ing  a vesse l  and the gas  p r e s s u r e  in the vesse l  a r e  not ve ry  different ;  this is not t r ue  of the t e m -  
p e r a t u r e s  and, t he re fo re ,  using the conservat ion  of energy  as the coupling cons t ra in t  s e r v e s  no purpose  
here) :  

Fu . , 2 t14) Pn ~ P y -[- - -  ~ypuuy - -  conservation of momentum. 
Fn 

If the exit  is r ep laced  by a blind wall ,  then a cons t ra in t  is provided which r e p r e s e n t s  a boundary con-  
dition he re  (U = 0). 

The resul t ing  s y s t e m  of di f ferent ia l  equations and cons t ra in ts  (1)-(14), which desc r ibes  the heat  
t r a n s f e r  and the gas dynamic  c h a r a c t e r i s t i c s  of  a unidirect ional  flow of gas  between connected v e s s e l s ,  is 
solved by  the f in i te -d i f fe rences  method. The or iginal  equations,  a f t e r  a few t r ans fo rma t ions ,  a r e  a p -  
p rox ima ted  by a s y s t e m  of d i f fe rence  equations ( f i r s t - o r d e r  implici t  s cheme  [12]). 

l V i  . 
Vn ~ + ~  q~ (15) 1 v.at+,Fkm..,~ T ~ ] . - ~ 2 - ~ - - ~  ,n + A 2 . ~ T ~ , , +  com~ T F '  - TZ. (k - -  l) T~+'AI -f- - - 7 - - .  ~en t ,-etu - -  

x m n  m n  " ' 

V~ p~+l _ ~ r,.~ , q,tR (16) - -  n _ _  kP~n+lAl+'~-F .= ,en ~ ~nJ--'%--T~ n -t-,~2,'~lcnT ~ ; 
"~ --n mn cvVn 

m~+ I m~ = y.G~l~, (17) 
q~ 

where  

4 ~ 
A, = ' :- i)/,; = =.  
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/ G~ +z --energy exchange with reservoir. 
Gi+l 

~" t i+1 i . . -en Uz 9z Fz--energy exchange wlthmaln. 

When a ve s se l  is f i l led 

f 
15= 1; (Ten) ~" : 

When gas is d i s c h a r g i n g  f r o m  a ve s se l  

= T n ;  

T a -- energy exchange with reservoir. 

(U~+a)2 - -  energy exchange with main. 
2Cp 

I mi+'/m~n -- discharge into reservoir 

[3 = [ 1 --discharge into main. 

The  gas flow r a t e  G i + l  is d e t e r m i n e d  a c c o r d i n g  to [10]: 

r - -  T~,~ 1 

"~ pc,~ScnCcn 
. { T i + l  T i+ l~  , i [a,~ ~ - -  -r , T a~,~ (T~  - -  T~-~ ~) + qo~] , (18) 

u5 +' - v;  ~ u~ < + '  ' "+ '  ' , --~i-I + R  Tj 
h Pi 

�9 pi .+l  n i + l  i P}+~ - PI" ~ - ~ i - ,  PJ  
-- Ui i 

z h Tj 

, i U~ + I  r f i + l  
P/ -- '-'i--t 

h 

�9 ~ i + I  
�9 P~+'-~i-~ 

U~+ ~ - I v ~ l ,  
h 2d h 

r~ + ' -  r~ .  q_ U} T5"+I - -  "]-Lm"+l ) 
h 

B1B2 i 
= - -  Pi ,  

h 

�9 = IT i + l  w h e r e  B1 = Ui +1 for  B2 > 0 and Bt _ j _ l  fo r  B2 < 0, B2 = 1 - F j _ I / F j ;  
3 

T(+I ~ T(+I .vi+l i �9 p i . + l  i " Di+l / , - - r ,  + U S "  - - ' ~ - '  k - - i  r~ ( P~ , , P T - - ~ - ,  
�9 _ . . . . .  - - ~- U i - -  

T h ~ - -  Pi , r h 

i 
' (Ui)~/2.cv] + ; 1 z= , - - -  - -  ( u ~ )  f u / ,  X T I-, i T S '  Tci 7 . 2d h cv 

r~.i .r  Tici : Pccel .S T} +'- -T '~ + ' +  2Cp -~, , -Tqe  �9 

4a k - -  1 

d.h k 

(19) 

(20) 

(21) 

(22) 

The  coupl ing c ons t r a i n t s  a r e  

]3i+1 p i + l  , 5- ^i  ,..r ri+ll2 
n = o "7- ~oVO k~o  ! ] 

k - - 1  k - - I  

P~+' : P~+' + H ~ ' ~ ' ~  '" 

(23) 

(24) 

The s y s t e m  of d i f f e r ence  equat ions  (19)-(21) is so lved  by the method of o r thogona l  e l imina t ion  [13]. 
F o r  this p u r p o s e ,  Eqs .  (19)-(21) a r e  wr i t t en  as  

A i V i + l  ~iX~i+l ~ (25) j , a j - i  ~-  ~ J " i  = Ci ,  

| i w h e r e  Aj, Bj a r e  s q u a r e  m a t r i c e s  of  coef f ic ien ts  fo r  a ce r t a in  t ime  in terva l ;  X is a vec to r  whose  

componen t s  a r e  the sought  g a s t h e r m o d y n a m i c  p a r a m e t e r s  in the main .  
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The coupling cons t ra in ts  a r e  e x p r e s s e d  as 

L t  v i + l  . .j  
o,'-o = vo ~, (26)  

hli y i + 1  _ .hi 1 

where  are  reotangular  m a t r i o e s ,  2 • 3 and 1 • 3, r e spec t ive ly ,  formed f rom Eqs.  (231 and (24) 
by el iminat ing pin+~l l a n d  Tin+ with the aid of Eqs.  (15)-(16) and a subsequent  l inear iza t ion  with r e s p e c t  to 
veloci ty  (U i+1 - U i + AU i) The computation of gas s t r e a m  p a r a m e t e r s  in the main is then organized as 
shown in [13]. After  U! +I p!  +1, and T i+1 for  the main have been de te rmined  f rom known d i scharge  

j , j J 
veloci t ies  U~ +1 and U~ +t,  we find the gas the rmodynamic  p a r a m e t e r s  in the ves se l s  f rom Eqs.  (15)-(17). 

In the case  of emptying a main which is closed at one end, another  re la t ion  (in addition to U = 0) is 
r equ i red  according to (26). As this ex t ra  re la t ion  we use the cha rac t e r i s t i c  equation (corresponding to the 
d x / d t  = U cha rac t e r i s t i c ) ,  which for  U = 0 becomes  

(T~+I i -- - -  T c0). (27) 
k P~ ~ d h k P~ 

The t e m p e r a t u r e  of the vesse l  walls  T i +1 and T i +1 is found f rom Eqs.  (18) and (22), r e spec t ive ly .  
cn ej 

Thus,  all ga s the rmodynamic  p a r a m e t e r s  in the vesse l s  and in the connecting main have been de te rmined  
for  the (i + 1)-th t ime  interval .  A t ime interval  should be approx ima te ly  equal to 0.005-0.01 of the total  
p roce s s  t ime  (for calculat ing the d i scharge  f rom vesse l  to the r e s e r v o i r  this t ime interval  should be 0.001- 
0.002 of the total p roce s s  t ime); the space  interval  should be approx imate ly  equal to 0.03-0.05 of the total 
main length. 

This p rocedure  was used with a model M-222 digital computer  for calculat ing the t r ans i en t  mode 
in a s ing le - s t age  gas -eng ine  r e g e n e r a t o r  of a r e f r i g e r a t o r  operat ing on the MaeMahon cycle  (the feas ib i l i ty  
of computing the s t eady - s t a t e  mode in this and in some other  r e f r i ge ra t i on  engines was cons idered  in [14]) 
and for calcula t ing the chili in the pipeline of cryogenic  appara tus  based  on a gas cycle .  The heat  t r a n s f e r  
and the d rag  coefficients  we re  de te rmined  f r o m  re spec t ive  empi r i ca l  re la t ions  as in [15, 16]. The t h e r m o -  
physical  p r o p e r t i e s  of the gas and of the h e a t - t r a n s f e r  su r f aces  in these  calculat ions were  picked a c c o r d -  
hag to [17] and a s s um ed  constant.  

Fo r  calcula t ing the chill in the engine (cylinder d i ame te r  0.04 rn, piston s t roke  0.04 m, speed 250 
r p m ,  working gas hel ium,  r e f r ige ra t ion  output 5 W), V 1 was a volume equal to the total volume of alt  hot 
ga s - supp ly  channels f rom the r e s e r v o i r  to the cold compar tmen t ,  V 2 was the d i sp lace r ,  and the main 
was the r e g e n e r a t o r  connecting both. As the appara tus  r u n s  into the opera t ing  mode,  the inse r t  t e m p e r a -  
tu re  at the cold end of the r e g e n e r a t o r  va r i e s  as shown in Fig. 2 (curves 1, 2, 3), dropping a lmos t  l i nea r ly  
f rom 300 to 150~ The durat ion of the t r ans i en t  is not the s a m e  at  all sect ions  of the r egene ra to r :  s t ab i l -  
ization in the hot ter  sect ions of the in se r t  p roceeds  f a s t e r .  The s t eady - s t a t e  t e m p e r a t u r e  dis tr ibut ion 
in the i n se r t  along the r e g e n e r a t o r  (Fig. 2, curves  4, 5, 6), with the the rmodynamic  p a r a m e t e r s  in the 
ves se l s  a s sumed  invar iable  (var ia t ions of  the gas t e m p e r a t u r e  and the gas p r e s s u r e  in the d i sp lace r  during 
the operat ing cycle a r e  shown in Fig. 3), depar t s  f r o m  the l inea r  distr ibution based on constant  boundary 
conditions [11]. The p r e s s u r e  l o s s e s  in the r e g e n e r a t o r  occu r  essen t ia l ly  dur ing filling and emptying the 
s y s t e m ,  and they may  be as high as 2 �9 105 N / m  2 (Fig. 2, curve  7). 

F o r  calculat ing the chill in the pipeline,  vesse l  V 1 is the gas  pad containing l iquefied nitrogen and 
rece iv ing  gas at a constant  flow r a t e  of 0.1 k g / s e c ,  vesse l  V 2 is the gas container  or the sur rounding  
space .  A pipeline (d iameter  0.2 m,  length 100 m, wall th ickness  0.005 m,  t h e r m a l  influx 5 W / m  2, m a -  
t e r i a l :  s ta in less  s t eed  s e r v e s  as the connecting main between ve s se l s  V 1 and V 2. Var ia t ions  in both the 
gas  and the wall  t e m p e r a t u r e  at var ious  points along the pipeline during chilling a r e  shown in Fig. 4. The 
dis t r ibut ions  of both the gas and the wall t e m p e r a t u r e  along the chilled pipeline may be cons idered  ap-  
p rox ima te ly  l inea r ,  with the under recupera t ion  a lmos t  uniform and equal to 5~ throughout the length. 

This  a lgor i thm for  solving the s y s t e m  of different ia l  equations which desc r ibe  s t eady - s t a t e  heat 
t r a n s f e r  and gas dynamic p r o c e s s e s  in ve s se l s  connected through a compound main makes  it feas ib le  
to calculate  the var ia t ion of p a r a m e t e r s  in engineer ing devices  and to incorpora te  these  var ia t ions  into 
the computat ion scheme.  

16 



T 
! 

200 ~ ~ <  

P. 1o -5 T 

II0 

f8 

90 
16 

! 

Y 

"5 

2 0  

/5 
gO0 

/00 

o 44 t 70 5 

o o,02 ~ o O,/e ~ o 3 

Fig. 2 Fig. 3 Fig. 4 

t'lO -J 

Fig. 2. Var ia t ion in the inse r t  t e m p e r a t u r e  T (~ at var ious  r e g e n e r a t o r  sec t ions  dur ing a t r ans i en t  
[I) l = 0; 2) 0.02; 3) 0.04 m], along the r e g e n e r a t o r  [4) t = 10; 5) 20; 6) 75 sec]; 7) var ia t ion of the gas  
p r e s s u r e  P ( N / m  2) along the r e g e n e r a t o r  (at instant  of t ime  tt). 

Fig. 3. Variat ion in the gas t e m p e r a t u r e  (l) and p r e s s u r e  (2) during the working cycle  under s t eady -  
s ta te  conditions: t e m p e r a t u r e  T (~ t ime  t (sec); p r e s s u r e  P (N/m2).  

Fig. 4. Variat ion in the wall t e m p e r a t u r e  (~ of the chilled pipeline [1) l = 0; 2) 50; 3) 100 m]. 

NOTATION 

T is the gas t e m p e r a t u r e ;  
T c is the wall  t e m p e r a t u r e ;  
P is the p r e s s u r e ;  
U is the velocity;  
e is the internal  energy;  
HI is the total  enthalpy; 
hi is the enthalpy; 
t is the t ime; 
x is the length; 
m is the mass  of gas in a vesse l ;  
p is the densi ty  of gas; 
Pc is the densi ty  of wall m a t e r i a l ;  
G is the gas  flow ra te ;  
V is the volume; 

is the h e a t - t r a n s f e r  coefficient;  
is the d r ag  coefficient;  

q is the t h e r m a l  flux; 
d is the d i am e t e r  of cyl inder;  
d h is the hydraul ic  d iamete r ;  
Cp is the spec i f i c  heat  of gas  at  constant  p r e s s u r e ;  
c v is the spec i f ic  heat  of gas  a t  constant  volume; 
c c is the spec i f ic  heat  of wall  ma te r ia l ;  
5 is the wall  th ickness ;  
f is the a r e a  of va lve  c r o s s  sect ion;  
F is the act ive  c ross  sect ion of gas s t r e am;  
Fcn is the h e a t - t r a n s f e r  su r face ;  
R is the gas constant ;  
p is the poros i ty ;  
k is the adiabat ic  exponent; 
l is the length of main; 
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is the duration of process; 
is the time interval in computation; 
is the space interval in computation; 
is the number of time computation points; 
is the number of space computation points; 
are the coefficients of velocity and density nonuniformity across a section of the main. 

Subs 

0 
n 

z 
a 

w 

i 

J 

c r i p t s  

denotes the initial state; 
denotes the vessel number; 
denotes the couplingpoint between main and vessel; 
denotes the ambient medium; 
denotes the wall; 
denotes the time point; 
denotes the space point. 
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